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This paper considers the problem of a semi-inﬁnite, isotropic, linear viscoelastic half-plane containing multiple, non-
overlapping circular holes. The sizes and the locations of the holes are arbitrary. Constant or time dependent far-ﬁeld stress
acts parallel to the boundary of the half-plane and the boundaries of the holes are subjected to uniform pressure. Three
types of loading conditions are assumed at the boundary of the half-plane: a point force, a force uniformly distributed over
a segment, a force uniformly distributed over the whole boundary of the half-plane. The solution of the problem is based
on the use of the correspondence principle. The direct boundary integral method is applied to obtain the governing equa-
tion in the Laplace domain. The unknown transformed displacements on the boundaries of the holes are approximated by
a truncated complex Fourier series. A system of linear equations is obtained by using a Taylor series expansion. The vis-
coelastic stresses and displacements at any point of the half-plane are found by using the viscoelastic analogs of Kolosov–
Muskhelishvili’s potentials. The solution in the time domain is obtained by the application of the inverse Laplace trans-
form. All the operations of space integration, the Laplace transform and its inversion are performed analytically. The
method described in the paper allows one to adopt a variety of viscoelastic models. For the sake of illustration only
one model in which the material responds as the standard solid in shear and elastically in bulk is considered. The accuracy
and eﬃciency of the method are demonstrated by the comparison of selected results with the solutions obtained by using
ﬁnite element software ANSYS.
 2007 Elsevier Ltd. All rights reserved.
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The paper considers the problem of a semi-inﬁnite, isotropic, linear viscoelastic half-plane containing multi-
ple, non-overlapping circular holes. This problem is of practical importance in the area of mechanics of per-
forated solids, in particular, it is important in the modeling of indentation processes.
It appears, from the study of the relevant literature, that the problem has not received signiﬁcant attention.
Even the simpler case of an elastic semi-inﬁnite porous medium has not been studied suﬃciently well. A com-
prehensive review of the literature related to the elastic case is given by Dejoie et al. (2006). A relevant paper0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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most of the papers reviewed by Dejoie et al., considers the case of one or two pores and assumes that the
boundary of the half-plane is traction free. An exception is the work of Pobedonostsev (1964), who assumed
more general conditions at the boundary of the half-plane; nevertheless, he studied a single hole problem only.
Dejoie et al. (2006) gave the solution for the problem with multiple circular holes, however, the surface of the
half-plane was considered traction free. A similar approach as in Dejoie et al. (2006) was used by Legros et al.
(2004) to solve the problem of the elastic half-plane containing multiple inhomogeneities. Again, the boundary
of the half-plane was assumed to be traction free. Additional references related to the problem with multiple
inhomogeneities can be found in Kushch et al. (2006).
Kushch et al. (2006) considered the more general problem of an elastic half-plane containing multiple
elliptic holes or inhomogeneities. They assumed that the boundary of the half-plane was loaded with
arbitrary normal tractions. All numerical examples in the paper are related to the case of a half-plane
with a traction free boundary, except for one example concerned with the half-plane containing a single
elliptical hole, under the condition of uniform tractions prescribed at the boundary of the half-
plane.
Aﬀerrante et al. (2006) applied Greenwood’s method to investigate the stress concentration due to a
pore inside an elastic half-plane in which the boundary was subjected to diﬀerent types of loading con-
ditions. Greenwood’s method gives an approximate solution for the stress distribution around the
boundary of a hole. In all the cases (point force, normal load distributed over the whole surface of
the half-plane and Hertzian load applied at the boundary of the half-plane) the authors studied the
inﬂuence of the distance that separates the hole from the boundary of the half-plane on the behavior
of the maximum hoop stress. A comparison with the results obtained from the ﬁnite element analysis
showed that Greenwood’s method gives accurate solution only for distances that are two times larger
than the hole radius.
Due to the complexity of problems involving viscoelastic media, few references are available; the literature
search identiﬁed only two papers related to such problems. Zatula and Lavrenyuk (1995) and Kaminskii et al.
(2002) used the standard collocation boundary element method to solve the problem of a viscoelastic half-
plane containing elastic inhomogeneities of circular or rectangular shapes. The boundary conditions at the
surface of the half-plane included a load distributed over a segment. Numerical results were presented for
the case of two inhomogeneities. The model employed the assumption of time-independent viscoelastic Pois-
son’s ratio.
Problems dealing with viscoelastic porous media can be solved by various numerical methods, for example,
the ﬁnite element and boundary element methods. The solution in the time domain can be obtained by using a
time stepping algorithm or numerical Laplace transform. However, the accuracy and eﬃciency of all such
methods depend greatly on a number of parameters (quality of the mesh used in the discretization of an area,
size of a time step, accuracy of numerical integration, etc.).
The review of diﬀerent numerical approaches, used to solve time-dependent problems, can be found in
Huang et al. (2006a). The authors considered the problem of an inﬁnite viscoelastic plane containing multiple
holes. A semi-analytical method used by Huang et al. was initially proposed by Mogilevskaya and Crouch
(2001) for the problem of multiple elastic inhomogeneities located in an isotropic, elastic plane. The method
is based on the solution of a system of complex hypersingular integral equations. As Huang et al. considered
the case of a viscoelastic solid, they employed the elastic–viscoelastic correspondence principle to obtain the
solution for the corresponding elastic problem. Using the inverse Laplace transform, the authors were able to
ﬁnd the solution in the time domain.
In the present work we extend the method of Huang et al. (2006a) to the problem of a semi-inﬁnite, iso-
tropic, linear viscoelastic half-plane containing multiple, non-overlapping circular holes. Constant or time
dependent far-ﬁeld stress acts parallel to the boundary of the half-plane and the boundaries of the holes
are subjected to uniform pressure. Three types of loading conditions are assumed at the boundary of the
half-plane: a point force, a force uniformly distributed over a segment, a force uniformly distributed over
the whole boundary of the half-plane. The system of governing equations for the problem in the Laplace
domain is more complicated than the system of equations from Huang et al. (2006a), as the current approach
employs the corresponding Green’s functions to simulate the conditions at the boundary of the half-plane. As
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allows one to adopt a variety of viscoelastic models.
The paper is organized as follows. After formulating the problem (Section 2) we analyze the system of gov-
erning boundary integral equations written in the Laplace domain (Section 3). In Section 4 we introduce the
approximation of the unknown displacements at the boundaries of the holes and use a Taylor series expansion
to arrive at the system of linear equations. The viscoelastic analogs of Kolosov–Muskhelishvili’s potentials are
used to obtain the displacements and stresses in the Laplace domain. In the ﬁnal step the analytical inverse
Laplace transform is used to ﬁnd the time-domain solution. Three examples, presented in Section 5 of the
paper, show the accuracy and eﬀectiveness of the method. The ﬁrst example is aimed at comparing the results
obtained by the presented approach with those obtained by the ﬁnite element method. The second example
investigates the inﬂuence of diﬀerent loadings applied at the boundary of the half-plane on the distribution
of hoop stresses around the boundary of a single hole. The third example is concerned with the cases when
diﬀerent types of time-dependent load are applied at the boundary of the half-plane. Several closing remarks
conclude the paper.
2. Problem formulation
Consider an isotropic linearly viscoelastic half-plane (y 6 0) containing an arbitrary number N of non-
overlapping, arbitrarily located circular holes, as shown in Fig. 1. Three types of loading conditions are
allowed at the surface y = 0 of the half-plane. These loads are: (i) a point force F(t) applied at the point a,
(ii) a force F(t) uniformly distributed over the segment (a,b), (iii) a force F(t) uniformly distributed over
the whole boundary of the half-plane. Far-ﬁeld stress r1(t) acts parallel to the boundary of the half-plane.
The boundary of each hole is assumed to be either traction free or subjected to uniform pressure pk(t),
k = 1, . . .,N. Let Rk, zk, and Lk denote the radius, the center, and the boundary of the kth hole. The direc-
tion of travel is clockwise for all the boundaries Lk. The unit normal n points to the right of the direction
of travel (i.e. inside the holes).
For practical applications it is suﬃcient to assume the following time-dependent behavior for the functions
pk(t), F(t), and r
1(t):pkðtÞ ¼ ~pk  fpðtÞ; k ¼ 1; . . . ; N
F ðtÞ ¼ eF  fF ðtÞ;
r1ðtÞ ¼ ~r1  f1ðtÞ;
ð1Þwhere the constants ~pk; ~r1 are real and the constant eF is complex (eF ¼ eF x þ ieF y , i ¼ ﬃﬃﬃﬃﬃﬃ1p ). The ﬁrst expres-
sion from (1) implies similar time-dependent behavior for all the functions pk(t), the second expression implies
that the time-dependent behavior of the normal and tangential components of the surface loads is similar, and
the third expression is added for the consistency.Fig. 1. Problem formulation.
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els. The evolution of stresses and displacements in the viscoelastic half-plane is to be determined.3. Basic equations
According to the correspondence principle, the solution in the time domain for a linear viscoelastic problem
can be obtained from the solution of the corresponding ‘‘elastic’’ problem written in the Laplace domain
(Findley et al., 1989). The Laplace transform of a real function f(t) is deﬁned as (Polyanin and Manzhirov,
1998):f ðsÞ ¼ L½f ðtÞ ¼
Z 1
0
f ðtÞestdt; ð2Þwhere s in general is a complex number. The inverse Laplace transform is given by the Bromwich integral:f ðtÞ ¼ L1½f ðsÞ ¼ 1
2pi
Z cþi1
ci1
f ðsÞestds; ð3Þwhere c is a vertical contour in the complex plane chosen in such a way that all singularities of f(s) are located
to the left of it.3.1. The system of boundary integral equations in the Laplace domain
In the present paper the corresponding problem in the Laplace domain is solved by using the direct
formulation of the complex boundary integral method for linear viscoelasticity (Huang et al., 2006b).
By employing Somigliana’s identities the formulation allows one to reduce the original boundary value
problem in the Laplace domain to the solution of a complex integral equation written for the domain’s
boundary.
The transformed Somigliana’s displacement identity expresses transformed displacements at a point z
within a domain D in terms of integrals of the transformed tractions and displacements over its boundary
L. The identity is a corollary of the reciprocal theorem (the principle of virtual work). In the Laplace domain
the real variable form of Somigliana’s displacement identity is the following:Z
L
U kjðz; s; sÞtj ðs; sÞds
Z
L
T kjðz; s; sÞuj ðs; sÞds ¼ ukðz; sÞ; s 2 L; z 2 D; ð4Þwhere k,j = x,y (the repeated index implies summation); U kjðz; s; sÞ (and T kjðz; s; sÞ) are the test solutions that
represent the jth component of the transformed displacements (tractions) at the point s = (sx,sy) due to a unit
force acting at the point z = (x,y) in the kth direction; uj ðs; sÞ (and tj ðs; sÞ) are the transformed displacements
(tractions) at the point s. In the present paper we use Melan’s solution for the problem of a point force applied
at an internal point of a half-plane as the test solutions.
Combining the components of displacement of the point z in the complex displacement
(uðz; sÞ ¼ uxðz; sÞ þ iuyðz; sÞ, z = x + iy) and following the procedure proposed by Mogilevskaya and Linkov
(1998), one can obtain the complex analog of Somigliana’s displacement identity (Mogilevskaya and Linkov,
1998). After that Somigliana’s stress and traction identities in the Laplace domain can be found by using the
stress-displacement relations and Hooke’s law in complex form (Rabotnov, 1988).
The system of governing equations for the problem in the Laplace domain is the system of the Somigliana’s
traction identities written for each hole when the point z is allowed to approach its boundary. In the case when
the far-ﬁeld stress and loads at the boundary of the half-plane are present, the superposition principle can be
used to account for these loads. As the result the ﬁnal system of N equations for the problem in the Laplace
domain can be written as:
1 We
transfo
resemb
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½K2ðs; nÞ þ K6ðs; nÞ  jðsÞK5ðs; nÞds
)
; k ¼ 1; . . . ; N ; ð5Þwhere n = nx + iny is the complex coordinate of a point (nx,ny) on the contour Lk of the kth hole; s = sx + isy is
the complex coordinate of a point (sx,sy) on the contour Lj of the jth hole; uj ðs; sÞ ¼ ujxðs; sÞ þ iujyðs; sÞ is the
transformed complex displacement at the point s; j*(s) is s-varying Kolosov–Muskhelishvili’s parameter,
j*(s) = 3  4m*(s) for plane strain and j*(s) = (3  m*(s))/(1 + m*(s)) for plane stress (m*(s) is the transformed
Poisson’s ratio); l*(s) is s-varying analog of shear modulus;1 a bar over a symbol denotes complex conjuga-
tion; pkðsÞ is the transformed pressure at the boundary of the kth hole.
The kernels involved in system (5) are:K1ðs; nÞ ¼ ln s n
s n ; K2ðs; nÞ ¼
s n
s n ;
K3ðs; nÞ ¼ lnðs nÞ; K4ðs; nÞ ¼ lnðs nÞ þ ðn nÞ s sðs nÞ2 ;
K5ðs; nÞ ¼ n
n
s s ; K6ðs; nÞ ¼ 
s n
s n
ð6ÞThe function rkðn; sÞ in the right hand side of Eq. (5) is a complex function that represents the inﬂuence of
transformed far-ﬁeld stress r1,*(s) and transformed force F*(s) applied at the boundary of the half-plane. Due
to the superposition principle the function rkðn; sÞ is expressed as follows:rkðn; sÞ ¼ 2r1;k ðn; sÞ þ rF ;k ðn; sÞ; ð7Þ
where r1;k ðn; sÞ is the transformed traction on the trace of the boundary of the kth hole due to the far-
ﬁeld stress and rF ;k ðn; sÞ is the transformed traction at the same boundary due to the force at the bound-
ary of the half-plane. Both terms in the right-hand side of Eq. (7) are obtained by using s-varying Kolo-
sov–Muskhelishvili’s potentials u*(s) and w*(s) (Muskhelishvili, 1959) and the following formula
(Rabotnov, 1988):rðz; sÞ ¼ o
oz
uðz; sÞ þ o
oz
uðz; sÞ þ dz
dz
z
o2
oz2
uðz; sÞ þ o
oz
wðz; sÞ
" #
: ð8ÞKolosov–Muskhelishvili’s potentials for the corresponding loadings are:
(i) For a far-ﬁeld stress:assume the s-dependent elastic parameters (e.g. l*(s), m*(s)) to be known. They can be obtained by the application of the Laplace
rm to the constitutive equations of the particular viscoelastic model. The resulting transformed equation can be rewritten to
le an elastic constitutive equation. The s-dependent parameters are then found by analogy with their elastic counterparts.
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oz
u1;ðz; sÞ ¼ r
1;ðsÞ
4
;
W1;ðz; sÞ ¼ o
oz
w1;ðz; sÞ ¼  r
1;ðsÞ
2
:
ð9Þ(ii) For a point force at the boundary of the half-plane (Flamant’s solution) the potentials are:UF ;ðz; sÞ ¼ o
oz
uF ;ðz; sÞ ¼  F

xðsÞ þ iF yðsÞ
2p
1
z a ;
WF ;ðz; sÞ ¼ o
oz
wF ;ðz; sÞ ¼ F

xðsÞ  iF yðsÞ
2p
1
z a
F xðsÞ þ iF yðsÞ
2p
a
ðz aÞ2 ;
ð10Þwhere a is the point where the point force is applied, F xðsÞ and F yðsÞ are the transformed horizontal and ver-
tical components of the point force correspondingly.
(iii) For a force uniformly distributed over the segment (a,b) the potentials are (Muskhelishvili, 1959):UF ;ðz; sÞ ¼ o
oz
uF ;ðz; sÞ ¼  F

xðsÞ þ iF yðsÞ
2p
Z b
a
dw
z w ;
WF ;ðz; sÞ ¼ o
oz
wF ;ðz; sÞ ¼ F

xðsÞ  iF yðsÞ
2p
Z b
a
dw
w z
F xðsÞ þ iF yðsÞ
2p
Z b
a
wdw
ðz wÞ2 ;
ð11Þwhere w is the dummy complex variable.
(iv) For a uniform pressure over the whole boundary of the half-plane integrals in (11) have to be taken
within the limits (1,1).
After the substitution of expressions (9)–(11) into formula (8) one obtains the expressions for the stress
functions r1;k ðn; sÞ and rF ;k ðn; sÞ. As the results of this procedure expression (7) for rkðn; sÞ is obtained.
We emphasize again that due to the use of Melan’s fundamental solution, the boundary of the half-plane is
not represented in governing system (5).3.2. The viscoelastic analogs of Kolosov–Muskhelishvili’s potentials
The transformed stresses and displacements at any point of the viscoelastic half-plane are obtained using
the following Kolosov–Muskhelishvili’s formulae:2lðsÞuðz; sÞ ¼ jðsÞuðz; sÞ  z oozuðz; sÞ  wðz; sÞ;
rxxðz; sÞ þ ryyðz; sÞ ¼ 4Re oozuðz; sÞ
 
;
ryyðz; sÞ  rxxðz; sÞ þ 2irxyðz; sÞ ¼ 2 z o
2
oz2 u
ðz; sÞ þ oozwðz; sÞ
h i
:
8><>>: ð12Þ
Transformed potentials u*(z;s) and w*(z;s) involved in these formulae are expressed through the displacements
at the boundaries of the holes asuðz; sÞ ¼ uplaneðz; sÞ þ uauxðz; sÞ þ uF ðz; sÞ;
wðz; sÞ ¼ wplaneðz; sÞ þ wauxðz; sÞ þ wF ðz; sÞ;
ð13Þwhere uplaneðz; sÞ and wplaneðz; sÞ are the potentials for the corresponding problem in a full plane and uauxðz; sÞ
and wauxðz; sÞ are the additional potentials associated with the use of Green’s functions speciﬁc for a half-plane
problem. The latter can be obtained by the application of the Laplace transform on their elastic analogs given
by Dejoie et al. (2006):
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:The expressions for the potentials uF ðz; sÞ and wF ðz; sÞ can be obtained by using the expressions (10) and (11).
They are listed below for three types of loading at the boundary of the half-plane.
(i) Point force:uF ðz; sÞ ¼ 
F ðsÞ
2p
lnðz aÞ;
wF ðz; sÞ ¼
F ðsÞ
2p
lnðz aÞ þ F
ðsÞ
2p
a
z a :
ð16Þ(ii) Force uniformly distributed over the segment (a,b) at the boundary:uF ðz; sÞ ¼ 
F ðsÞ
2p
ðb zÞ ln b z
a z ðb aÞ ln
b a
a z
 
; ð17Þ
wF ðz; sÞ ¼
F ðsÞ þ F ðsÞ
2p
ðb zÞ ln b z
a z ðb aÞ ln
b a
a z
 
þ F
ðsÞ
2p
½a lnðz aÞ  b lnðz bÞ:(iii) Force uniformly distributed over the whole boundary:uF ðz; sÞ ¼
i
2
zF ðsÞ;
wF ðz; sÞ ¼
i
2
zðF ðsÞ þ F ðsÞÞ:
ð18Þ4. Numerical solution
4.1. Approximation of the transformed displacements
We approximate the unknown transformed displacements uj ðs; sÞ at each boundary Lj by a truncated com-
plex Fourier series as:uj ðs; sÞ ¼
XMj
m¼Mj
BmjðsÞ expðimhjÞ ¼
XMj
m¼Mj
BmjðsÞgmj ðsÞ; s 2 Lj; j ¼ 1; . . . ; N ; ð19Þ
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deﬁned as:gjðsÞ ¼
Rj
s zj : ð20ÞWe note that the number of Fourier coeﬃcients is not necessarily the same for each hole and has to be
determined in the process of numerical solution.
The unknown complex Fourier coeﬃcients BmjðsÞ are the functions of the Laplace transform parameter s
only, and they do not depend on the space coordinates. After the substitution (19) into (5) the coeﬃcients
BmjðsÞ can be taken outside of the space integrals. Thus, the integrals are the same as in the elastic case
and, therefore, they can be evaluated analytically (Dejoie et al., 2006). A similar procedure can be applied
to the integrals involved in the expressions for the s-varying Kolosov–Muskhelishvili’s potentials. For the sake
of notational convenience, argument s is omitted in some lengthy expressions for the transformed quantities
presented below.
4.2. Linear algebraic system
A system of linear algebraic equations can be obtained by using a Taylor series expansion method. Accord-
ing to this method all the functions gmj ðnÞ involved in the representations for the unknowns at the jth boundary
can be re-expanded in terms of an inﬁnite series of functions gk(n) as follows (Wang et al., 2003):gmj ðnÞ ¼ gmj ðzkÞ
X1
q¼0
mþ q 1
q
 
gqkðzjÞgqk ðnÞ; 8j 6¼ k ð21Þ where the binomial coeﬃcients
m
n
are given by 
m
n
¼ m!ðm nÞ!n! : ð22ÞThe functions gjðnÞ can similarly be re-expanded in terms of functions gk(n) using the equation for a circle in
the complex plane from which it follows that:gjðnÞ ¼ g1j ðnÞ: ð23Þ
To reduce integral Eq. (5) to a system of linear equations with the number of equations equal to the number of
unknown coeﬃcients Bmk, one has to neglect the terms with powers q >Mk and q < Mk in the Taylor series
for every k, k = 1, . . .,N. Using the resulting expressions for the functions gj(n) and gjðnÞ and the orthogonality
properties of the complex Fourier series, one can equate the coeﬃcients in front of the terms with the same
powers of q in both sides of the ﬁnal expressions. As a result one arrives at the system of
PN
k¼1ð2Mk þ 1Þ com-
plex linear equations in the Laplace domain:!kk;qðBmkÞþ
XN
j¼ 1
j 6¼ k
!kj;qðBmjÞ¼
jþ1
4l r
1;  1l pk j
þ1
4l Xk;0ðF Þþ j
1
2l
PN
j¼1
pjNkj;0 for q¼ 0;
jþ1
4l r
1;  jþ1
4l Xk;2ðF Þþ j
1
2l
PN
j¼1
pjNkj;2 for q¼ 2;
jþ1
4l Xk;qðF Þþ j
1
2l
PN
j¼1
pjNkj;q for all other q such thatMk 6 q6Mk;
8>>>>><>>>>>:
ð24Þwhere k = 1, . . .,N. The left-hand side (LHS) of (24) is the transformed analog of the LHS of the correspond-
ing equations given in the paper by Dejoie et al. (2006). Due to some misprints in the referred paper, the cor-
rected expressions for !kk;qðBmjÞ and !kj;qðBmjÞ are presented in Appendix A. The expressions for Nkj,q are given
in Appendix B. The right-hand side (RHS) of (24) contains an additional term j
þ1
4l Xk;qðF Þ as compared with
1466 A.V. Pyatigorets et al. / International Journal of Solids and Structures 45 (2008) 1458–1482the transformed RHS derived by Dejoie et al. (2006). This term is due to the inﬂuence of the force applied at
the boundary of the half-plane, and it is given in Appendix C.
Separating the real and imaginary parts in the complex equations, one gets a system of linear real equations
that can be written in a matrix form as:A  BðsÞ ¼ D1ðsÞ þ D2ðsÞ þ D3ðsÞ þ D4ðsÞ; ð25Þ
where the matrix of coeﬃcients A, the vector of unknowns B*(s) and the vectors of RHS Dl are:A ¼
A11 A12 . . . A1N
A21 A22 . . . A2N
..
. ..
. . .
. ..
.
AN1 AN2 . . . ANN
266664
377775; ð26Þ
BðsÞ ¼
B1ðsÞ
B2ðsÞ
..
.
BN ðsÞ
266664
377775; Dl ðsÞ ¼
Dl;1ðsÞ
Dl;2ðsÞ
..
.
Dl;N ðsÞ
2666664
3777775; l ¼ 1; . . . ; 4: ð27ÞThe matrices Akk and Akj are deduced from the expressions given in Appendix A. As Eq. (24) degenerates
when q = 1 (see Appendices A–C) and the equation for the term with q = 0 is real, the dimension of each ma-
trix Akk is (4Mk  1) · (4Mk  1), and the dimension of the matrices Akj is (4Mk  1) · (4Mj  1). The matrix
Akk expresses the self-inﬂuence of the kth hole, and the matrix Akj expresses the inﬂuence of the jth hole on the
kth hole.
In Eq. (27), the subvectors Bk are given by½Bk T ¼ ½ReBMkk; ImBMkk; . . . ; ReB1k; ImB1k;ReB1k;ReB2k; ImB2k; . . . ; ReBMkk; ImBMkk: ð28ÞNote that the coeﬃcients B0kðsÞ and the imaginary part of B1kðsÞ are not involved in (24) and (28) as well as in
the viscoelastic analogs of the Kolosov–Muskhelishvili’s potentials (Eqs. (14) and (15)). These coeﬃcients are
responsible for the rigid body translation (B0k) and rotation (ImB1k). They can be found from a procedure
described in Wang et al. (2003).
The number of Fourier coeﬃcients 2Mk used to approximate the unknown displacements at the bound-
aries of the holes depend mostly on the geometry of the problem, but do not depend signiﬁcantly on the
material properties, which vary in time. In the numerical simulations presented in Section 5 the number of
Fourier coeﬃcients 2Mk is found by solving system (24) for the parameter s corresponding to the time
t = 0. Computations are performed initially for the number of terms Mk = 2, and then Mk is increased
until a speciﬁed degree of accuracy  is achieved. In this work the degree of accuracy  is deﬁned as
the maximum relative error between RHS and LHS of (5). Details about the computation of the number
of terms in the Fourier expansion are given in the works of Mogilevskaya and Crouch (2001) and Dejoie
et al. (2006).4.3. Solution in the Laplace domain
The transformed loads are obtained by applying the Laplace transform to expression (1). They are as
followspkðsÞ ¼ epk  f p ðsÞ; k ¼ 1; . . . ; N ;
r1;ðsÞ ¼ ~r1  f 1ðsÞ;
F ðsÞ ¼ eF  f F ðsÞ:
ð29Þ
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(m = Mk, . . .,Mk, k = 1, . . .,N) as the following combination:BmkðsÞ ¼
jðsÞ þ 1
4lðsÞ f

1ðsÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
k1ðsÞ
 A1~r1
 |ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
Bð1Þmk
þ f

p ðsÞ
lðsÞ|ﬄ{zﬄ}
k2ðsÞ
 A1pk

 |ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
Bð2Þmk
þ j
ðsÞ þ 1
4lðsÞ f

F ðsÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
k3ðsÞ
 hA1Xk;qðeF Þi|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Bð3Þmk
þ j
ðsÞ  1
2lðsÞ f

p ðsÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
k4ðsÞ
 hA1
XN
j¼1~pjNkj;qi|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Bð4Þmk
¼
X4
l¼1
kl ðsÞBðlÞmk; ð30Þwhere A1 is the inverse of matrix A and Xk;qðeF Þ depends on eF in the same manner as Xk,q(F*) depends on F*.
Terms in the triangular brackets in Eq. (30) do not depend on the Laplace transform parameter s, and they can
be found by solving the corresponding systems of linear equations. In this work the Gauss–Seidel iterative
algorithm was adopted to solve the systems of linear equations, as it provides a good convergence rate. We
emphasize that the matrix A is calculated once only, as it does not depend on the material properties.
After the substitution of expression (30) into the formulae for the s-varying Kolosov–Muskhelishvili’s
potentials (14) and (15) and using the latter to obtain the displacements and stresses from formula (12),
one arrives at the following expressions:uðz; sÞ ¼ j

2l
f 1  H1ðzÞ þ
j
2l
j  1
j þ 1 f

p  HpðzÞ þ
j
j þ 1
X4
l¼1
klHlðzÞ þ
j
2l
f F  HF ðzÞ
 f

1
2l
 zH 01ðzÞ 
f p
2l
j  1
j þ 1  zH
0
pðzÞ 
1
j þ 1
X4
l¼1
kl zH
0
lðzÞ 
f F
2l
 zH 0F ðzÞ
 f

1
2l
 Q1ðzÞ 
f p
2l
 j
  1
j þ 1  QpðzÞ 
1
j þ 1
X4
l¼1
klQlðzÞ 
f F
2l
 QF ðzÞ: ð31ÞThe functions H(z) and Q(z) depend on the coordinate of the point z and the geometry of the problem only.
Expressions for these functions are given in Appendix D. The derivatives in Eq. (31) are taken over the var-
iable z.
The stresses are expressed through the following formulae:rxxðz; sÞ þ ryyðz; sÞ ¼ 4Re f 1  H 01ðzÞ þ
j  1
j þ 1 f

p  H 0pðzÞ þ
2l
j þ 1
X4
l¼1
klH
0
lðzÞ þ f F  H 0F ðzÞ
( )
ryyðz; sÞ  rxxðz; sÞ þ 2irxyðz; sÞ ¼ 2
j  1
j þ 1 f

p  zH 00pðzÞ þ
2l
j þ 1
X4
l¼1
klzH
00
l ðzÞ þ f F  zH 00F ðzÞ
(
ð32Þ
þf 1  Q01ðzÞ þ
j  1
j þ 1 f

p  Q0pðzÞ þ
2l
j þ 1
X4
l¼1
klQ
0
lðzÞ þ f F  Q0F ðzÞ
)
:In Eqs. (31) and (32) the terms dependent on the Laplace transform parameter s are separated from the
terms that depend on the space coordinates. Therefore it is possible to take the inverse Laplace transform
of these expressions to obtain the solution in the time space. The s-dependent terms in Eqs. (31) and (32) are
as follows:
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jðsÞ
2lðsÞ f

1ðsÞ; S2ðsÞ ¼
jðsÞ
2lðsÞ
jðsÞ  1
jðsÞ þ 1 f

p ðsÞ;
S3ðsÞ ¼
jðsÞ
lðsÞ
f p ðsÞ
jðsÞ þ 1 ; S

4ðsÞ ¼
jðsÞ
2lðsÞ f

F ðsÞ;
S5ðsÞ ¼
1
2lðsÞ f

1ðsÞ; S6ðsÞ ¼
1
2lðsÞ
jðsÞ  1
jðsÞ þ 1 f

p ðsÞ;
S7ðsÞ ¼
1
lðsÞ
f p ðsÞ
jðsÞ þ 1 ; S

8ðsÞ ¼
1
2lðsÞ f

F ðsÞ;
S9ðsÞ ¼ f 1ðsÞ; S10ðsÞ ¼
jðsÞ  1
jðsÞ þ 1 f

p ðsÞ;
S11ðsÞ ¼
f p ðsÞ
jðsÞ þ 1 ; S

12ðsÞ ¼ f F ðsÞ:
ð33ÞNote again that the space functions H(z) and Q(z) and their derivatives over the variable z are independent of
the viscoelastic model and loadings that can vary in time. Therefore, the same procedure can be used for any
viscoelastic model and loading conditions.
4.4. Solution in the time domain
The elastic ﬁelds in the time domain are found by the application of the analytical inverse Laplace trans-
form to Eqs. (31) and (32). The ﬁnal expressions are:uðz; tÞ ¼ S1ðtÞ H1ðzÞ þ 1
2
H 2ðzÞ
 
þ S2ðtÞ HpðzÞ þ H 1ðzÞ
 þ S3ðtÞH 3ðzÞ þ S4ðtÞ 1
2
H 4ðzÞ þ HF ðzÞ
 
 S5ðtÞ zH 01ðzÞ þ
1
2
zH 02ðzÞ þ Q1ðzÞ þ
1
2
Q2ðzÞ
 
 S6ðtÞ½zH 0pðzÞ þ zH 01ðzÞ þ QpðzÞ þ Q1ðzÞ ð34Þ
 S7ðtÞ½zH 03ðzÞ þ Q3ðzÞ  S8ðtÞ
1
2
zH 04ðzÞ þ zH 0F ðzÞ þ
1
2
Q4ðzÞ þ QF ðzÞ
 
;
rxxðz; sÞ þ ryyðz; sÞ ¼ 4Re S9ðtÞ H 01ðzÞ þ
1
2
H 02ðzÞ
 
þ S10ðtÞ½H 0pðzÞ þ H 01ðzÞ

þ2S11ðtÞH 03ðzÞ þ S12ðtÞ
1
2
H 04ðzÞ þ H 0F ðzÞ
 
ryyðz; sÞ  rxxðz; sÞ þ 2irxyðz; sÞ ¼ 2 S9ðtÞ
1
2
zH 002ðzÞ þ Q01ðzÞ þ
1
2
Q02ðzÞ
 
ð35Þ
þ S10ðtÞ½zH 00pðzÞ þ zH 001ðzÞ þ Q0pðzÞ þ Q01ðzÞ þ 2S11ðtÞ½zH 003ðzÞ þ Q03ðzÞ
þS12ðtÞ 1
2
zH 004ðzÞ þ zH 00F ðzÞ þ
1
2
Q04ðzÞ þ Q0F ðzÞ
 
;where Sn(t) (n = 1, . . ., 12) are the time domain counterparts of functions S

nðsÞ. As the functions H(z) and Q(z)
and their derivatives are independent of time, they are computed only once. After the calculation of the time-
dependent functions Sn(t) for every time instant one can compute the stresses and the displacements in the time
domain.
5. Examples
In the following numerical examples it is assumed that the viscoelastic material responds as a standard solid
(Boltzmann model, Fig. 2) in shear and elastically in bulk. This model is quite realistic as the shear modulus
for many polymeric solids relaxes much more than the bulk modulus. As a result the Poisson’s ratio m(t) is an
increasing function of time. The constitutive equations for the model are:
Fig. 2. Boltzmann model.
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E1
sij þ gE1 _sij ¼ 2E2eij þ 2g_eij;
rkk ¼ 2Kekk;
ð36Þwhere sij and eij are the deviatoric stress and strain correspondingly, rkk and ekk are the volumetric stress and
strain, E1 and E2 are the elastic moduli of the springs (Fig. 2), g is the viscosity of the dashpot, and K is bulk
modulus. The s-varying analogs of shear modulus and Kolosov–Muskhelishvili’s constant are obtained from
the procedure described by Wang and Crouch (1982). They are:lðsÞ ¼ E1ðE2 þ gsÞ
E1 þ E2 þ gs ;
jðsÞ ¼ 1þ 6E1ðE2 þ gsÞ
E1ðE2 þ gsÞ þ 3KðE1 þ E2 þ gsÞ :
ð37Þ5.1. Examples for time-independent loading
We start our consideration from the simplest case for which the far-ﬁeld stresses, the pressures at the
boundaries of the holes and the loads acting at the boundary of the half-plane are applied at the same time
t = 0 and remain constant, such thatf1ðtÞ ¼ 1; f pðtÞ ¼ 1; f F ðtÞ ¼ 1: ð38Þ
The Laplace transform of functions (38) gives:f 1ðsÞ ¼
1
s
; f p ðsÞ ¼
1
s
; f F ðsÞ ¼
1
s
: ð39ÞAfter the substitution of expressions (39) and (37) into Eq. (33) and the application of the analytical inverse
Laplace transform, the explicit expressions for the functions Sn(t) are obtained (see Appendix E for examples).
Finally the displacements and the stresses can be computed from expressions (34) and (35). However, as it was
noticed by Huang et al. (2006a), the viscoelastic stresses for the case of constant loads do not depend on time
and they are exactly the same as the stresses in the corresponding ‘‘elastic’’ problem. This feature allows one to
verify the results for the stresses obtained by the method developed here with the solutions for the correspond-
ing elastic problems given elsewhere (e.g. Dejoie et al., 2006).
For the sake of simplicity, the following values for the material parameters are used for all the examples in
the paper:E1 ¼ 8 103r0; E2 ¼ 2 103r0; g ¼ 5 103r0 s; K ¼ 17333:3r0; ð40Þ
where the deﬁnition of the constant r0 is given bellow for each numerical example.
It can be deduced from expressions (40) that the Poissons’s ratio at zero time is v(t = 0) = 0.3; the Pois-
sons’s ratio at inﬁnite time is v(t = 0) ’ 0.46. These properties correlate well with the mechanical properties
for polymethyl methacrylate (Tschoegl et al., 2002).
5.1.1. Veriﬁcation with ﬁnite element software ANSYS
Consider six holes of diﬀerent sizes in a semi-inﬁnite plane subjected to far-ﬁeld stress r1 = r0. The geom-
etry of the problem and the boundary conditions are shown in Fig. 3. A uniformly distributed load F = 2r0
Fig. 3. Geometry of the problem with 6 holes.
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problem does not posses any symmetry and all the boundary conditions are diﬀerent (hole 1 is not
pressurized).
We consider the results for the displacements obtained by the presented method and compare them with the
results obtained by the ﬁnite element software ANSYS. Since ANSYS can not directly model a semi-inﬁnite
area, all the calculations are performed using a large but ﬁnite rectangular domain. For this example a domain
of size 600R1 · 600R1 is used. In order to achieve a relatively high degree of accuracy, 137676 quadrilateral 8-
node elements are used. The Prony series are adopted to approximate the relaxation of shear modulus and a
time stepping algorithm is applied to obtain the time domain solution. With 25 time steps the calculations took
more than 6 h (with a DellTM (Intel P4 3.6 GHz/ 2 Gb RAM) computer workstation).
We use the present approach to solve the same problem with the accuracy parameter chosen to be  = 104.
The computations with the same computer workstation took 70 s. The number of Fourier terms used for the
approximations of the boundary displacements is given in Table 1.
To compare the displacements and the stresses obtained by both approaches it is necessary to introduce
proper boundary conditions in the ANSYS model. The vertical components of the displacements at all nodes
of the lower boundary of the computational domain have to be constrained. In addition, both components of
the displacement of the central node of the lower boundary of the domain are ﬁxed. At the vertical boundaries
of the domain tractions equal to those present at inﬁnity are applied. This approach allows one to simulate the
behavior of a semi-inﬁnite plane subjected to a far ﬁeld-stress and a variety of loadings at the boundary of the
plane (one should expect that vertical displacement of any point located inﬁnitely far from the boundary of the
half-plane is zero).
In the present approach only the rigid body motion has to be constrained. This can be done if one assumes
the displacements to be zero at one predeﬁned point z1, and the vertical component of the displacements to be
zero at another predeﬁned point z2 located on the same horizontal line as the point z1. To make sure that the
procedures accounting for the rigid body motion in both methods are consistent, we did the following. The
coordinates of the point z1 are taken exactly the same as for the central node of the lower boundary of the
domain used in the ANSYS model. However, the point z2 has to be located somewhere on the line which rep-
resents the lower boundary of the domain in the ANSYS model. The exact x-coordinate of this point is found
by trial and error method, so the best agreement between the results obtained by both approaches is achieved.Table 1
Number of Fourier terms used to approximate displacements at the holes boundaries
Hole 1 2 3 4 5 6
Mk 38 71 46 37 61 37
Fig. 4. Evolution of displacement at the point A in example 1.
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tal and vertical components of the displacements at the point A (see Fig. 3) are plotted in Fig. 4. It can be seen
that the results agree quite well.
Another way to compare the results is to consider the relative change of the length of a segment that con-
nects two points in the half-plane. This approach does not require ﬁxing rigid body motion. Here we consider
the relative elongations of the diameter of hole 3 in x and y directions deﬁned as follows:2 No
(Barbe
horizodx ¼ uxðCÞ  uxðBÞR1 ; dy ¼
uyðEÞ  uyðDÞ
R1
: ð41ÞThe comparative results for dx and dy are presented in Fig. 5. The hole elongates in the x-direction more than
in the y-direction, as should be expected. The results obtained by the presented method agree quite well with
the results obtained with ANSYS.
5.1.2. Examples with a single hole
Consider a half-plane containing a single hole with traction free boundary. Four diﬀerent loading condi-
tions are assumed at the boundary of the half-plane, and a uniform far-ﬁeld stress r1 = r0 acts parallel to
that boundary. The geometry of the problem and the loading conditions are shown in Figs. 6a, b and 7a,
b. In this example we study the distribution of the hoop stresses around the boundary of the hole as a function
of the relative separation e = d/R between the hole and the boundary of the half-plane.
The stresses in all four cases are exactly the same as for the corresponding elastic problems.2 The singular-
ities that govern the behavior of the hoop stresses at the points in which the global extremums are achieved can
be found by using the present approach. Similar problem but for the case of traction free boundary of the half-
plane has been studied before. Duan et al. (1986) showed numerically that for this case the asymptotic behav-
ior of the maximum hoop stress is governed by 1=
ﬃﬃ
e
p
singularity. This result was conﬁrmed analytically by
Callias and Markenscoﬀ (1989) and numerically by Dejoie et al. (2006).
The number of Fourier terms used in the present research to achieve the solutions with the predeﬁned accu-
racy  = 104 is reported in Table 2. The tolerance limit has to be relaxed for the case of a point force for the
relative separation e = 0.01 (see Table 2).te that a concentrated force applied at a point on the boundary of a half-plane produces the stresses that are singular at this point
r, 2002). The application of an inclined force distributed over a segment of the boundary of a half-plane leads to locally inﬁnite
ntal surface stresses at the end points of the segment (Johnson, 1985; Soon et al., 2004).
(a) (b)
Fig. 6. Geometry of the problem for example 2: the case of a point force.
Fig. 5. Evolution of the diameter of hole 3 in example 1.
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sharp increase in hoop stresses in the arc closer to the boundary of the half-plane. For all the cases the hoop
stresses at the part of the boundary of the hole where 180 6 h 6 360 are virtually not aﬀected by the change
in the value of e. For the case of a point force (Fig. 6a) the amplitude of the minima of the hoop stresses dis-
tribution are smaller than the amplitude of the main maximum. For the case of the distributed force (Fig. 7a)
the amplitude of the minima are larger than the amplitude of the main maximum. For the cases of the inclined
forces (Figs. 6b and 7b), the amplitudes of the minima and main maximum become smaller than in all previous
cases and the distribution of the hoop stresses become unsymmetrical relative to the angle 90.
We found numerically that in the case of the point force shown in Fig. 6a, the singularity C/e3/2, where
C ’ 1.3577, governs the asymptotic behavior of the maximum hoop stress. For the case of the force distrib-
uted over a segment (Fig. 7a), the singularity 1/e governs the asymptotic behavior of the minimum hoop stress.
To obtain these results we performed the simulation for the additional values of e, however we do not present
them in Table 2.
For the case shown in (Figs. 6b and 7b) the singularities that govern the asymptotic behavior of the hoop
stresses depend on the inclination angle of the corresponding forces; we have not studied these cases.5.2. Time-dependent loading
Consider two examples with the same geometry but with the diﬀerent time-depending loadings applied at
the boundary of the half-plane. The geometry and the loading conditions of the problems are shown in Fig. 9a
and b. Both of the holes are subjected to uniform pressure (in expression (40) r0 = p1). Zero far ﬁeld stress is
assumed. The time-dependent behavior of both loadings is governed by the same harmonic law:
Fig. 7. Geometry of the problem for example 2: the case of a force distributed over a segment.
Table 2
Asymptotic behavior of the normalized hoop stresses for diﬀerent geometries
d/R Zero force (Dejoie
et al., 2006)
(a) Vertical point force (b) Inclined point force
Max. HS M1 Max. HS Min. HS M1 Max. HS Min. HS (left) Min. HS (right) M1
0.1 9.2270 39 49.9023 22.147 133 31.195 14.999 7.113 150
0.05 12.8492 56 129.252 60.297 277 75.209 38.300 21.273 299
0.01 28.3738 138 1355a 657a 867 720b 372b 282b 868
0.005 40.0633 200
0.001 89.4708 403
d/R (c) Vertical distributed force (d) Inclined distributed force
Max. HS Min. HS M1 Max. HS Min. HS (left) Min. HS (right) M1
0.1 13.4306 12.561 33 13.976 10.517 6.511 33
0.05 19.2663 22.545 50 20.335 18.797 9.879 49
0.01 44.5445 102.636 124 45.383 72.683 40.172 121
0.005 63.6442 202.680 183 62.784 132.997 81.371 178
0.001 144.4630 1002.76 440 131.609 576.14 440.506 430
HS stands for hoop stresses.
a To obtain these results the tolerance limit  was relaxed to 0.03.
b To obtain these results the tolerance limit  was relaxed to 0.09.
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where x = 2pm is the circular frequency of force variation, m is the frequency, t is the time. Applying the La-
place transform to expression (42) one obtains three s-dependent functions S4(s),S8(s),S12(s). Their counter-
parts in the time domain are found according the procedure described in Appendix E.
We solved these problems with the present approach. To achieve better accuracy we set the parameter  to
be 105. The number of terms in the Fourier series used to achieve the solutions with the predeﬁned accuracy
were M1 = 161, M2 = 136 (point force), M1 = 63, M2 = 138 (distributed force).
First we checked if the boundary values for the stresses calculated by the present approach agree with the
prescribed boundary conditions for any moment of time. Indeed, the agreement is quite good. Then, we exam-
ined the following relative diameter elongation of the upper hole (Fig. 9):dy ¼ uyðBÞ  uyðAÞR1 : ð43ÞIt is a well known fact that the amplitude of the steady-state oscillations of displacement at a point in a
viscoelastic medium depends on the frequency of the force that excites the oscillations. The higher the fre-
quency of the force the lower the amplitude of the response. This fact can be explained by that the viscous
dashpot in the viscoelastic model does not respond instantaneously to the variation of the load. Therefore,
the amplitude of the steady-state oscillations of the displacements depends on the ratio between the viscosity
of the dashpot and the frequency of force variation.
(a)
(c) (d)
(b)
Fig. 8. Normalized hoop stresses for diﬀerent loads at the boundary of the half-plane.
Fig. 9. Geometry of the problem for example 3.
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obtained for the case of the point force applied at the boundary of the half-plane for two diﬀerent frequencies:
m = 0.2 Hz and m = 2 Hz. As expected the amplitude of the steady-state oscillations of dy is higher for the lower
frequency. Similar results were obtained for other types of loads.
Fig. 11 presents the results of simulations for the cases when a point force and a force distributed over the
whole boundary of the half-plane are applied. Both forces vary in time by the same law given by Eq. (42), and
the frequency of variations is m = 0.2 Hz. However, it can be seen from Fig. 11 that the steady-state oscillations
of dy for these two cases are almost exactly in antiphase. As the amplitude of oscillations of dy for the case of
the point force is larger than for the case of the force distributed over the whole boundary of the half-plane,
the latter one is multiplied by 2.655 to make the visualization of the results easier.
Fig. 10. Variation of the diameter elongation of the upper hole for diﬀerent frequencies of the point force applied at the boundary of the
half-plane.
Fig. 11. Variation of the diameter elongation of the upper hole for diﬀerent types of forces applied at the boundary of the half-plane.
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force is applied. It was found that when the size of the segment is smaller than two diameters of the bigger
hole, the relative elongations dy due to the distributed force and the point force vary in phase. When the size
of the segment is larger than two diameters of the larger hole, the relative elongation dy corresponding to
the case of the distributed force varies in antiphase in relation to the case of the point force. At the same
time the amplitude of the steady-state oscillations of dy for the case of the distributed force is almost zero in
the transition region. The results of numerical experiments for a single hole (the upper hole) show that there
is no such eﬀect for this case. Therefore, one can conclude that the eﬀect is due to the interactions between
the holes.
6. Conclusion
In this work we present a semi-analytical method for solving the problem of a semi-inﬁnite linear visco-
elastic medium containing nonoverlapping circular holes and subjected to diﬀerent loading conditions at its
1476 A.V. Pyatigorets et al. / International Journal of Solids and Structures 45 (2008) 1458–1482boundary. The method is based on the use of the elastic–viscoelastic correspondence principle, and the
application of the direct complex variables boundary integral method to obtain the governing equation
in the Laplace domain.
The major advantage of the method is that all mathematical operations are performed analytically. The
method can adopt a variety of constitutive models, and it is capable of handling problems with a large number
of holes. As a result, solutions for the various non-trivial problems of a porous linear viscoelastic medium can
be achieved with any desired degree of accuracy. The present approach can provide a wide range of bench-
mark solutions that can be used by future investigators.
Several examples considered in the paper reveal the capabilities of the method. Comparison with the
results obtained using the ﬁnite element method shows that the present approach is more eﬃcient for this
class of problems. The examples related to a single hole problem are concerned with the behavior of the
hoop stresses around the boundary of the hole for the cases when diﬀerent types of loads are applied at
the boundary of the half-plane. The singularities that govern the asymptotic behavior of the hoop stresses
are found for these cases. An eﬀect of antiphase oscillations of relative diameter elongation of a hole is
observed in the examples that are concerned with two holes and the time dependent harmonic loads at the
boundary of the half-plane.
It was found that the most time-consuming part of the method— calculation of the boundary displace-
ments—takes relatively small time (30–60 min on a modern PC) for the number of holes N  150/200 and
for modest relative separation between holes (such that the number of Fourier terms Mk[ 100,
k = 1, . . .,N is required to achieve a necessary degree of accuracy). Future work might include the use of a fast
multipole method, such as the one described by Wang et al. (2005); it would allow one to consider problems
involving a larger number of holes. Other future developments of the method might include incorporation of
elastic inhomogeneities. Another interesting class of problems is concerned with a viscoelastic medium con-
taining multiple cracks. Using the displacement discontinuities as the unknown variables, Eq. (5) can be
adopted for this type of problems.Acknowledgments
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Let us deﬁne the following function:hjðsÞ ¼ gjðsÞ ¼
Rj
s zj : ðA1ÞThe coeﬃcients !kk;qðBmkÞ and !kj;qðBmkÞ involved in expression (24) are:
(a) For j = k
1. q 6 1!kk;q ¼ 1Rk
PMk
m¼1
Bmkmh
mþ1
k ðzkÞgq1k ðzkÞ
mþ q
q
 

qhkðzkÞ þ gkðzkÞ
þ ðmþqþ2Þðmþqþ1Þmþ1 h2kðzkÞgkðzkÞ
"
ð1þ qÞBð1þqÞk  ðB1k þ B1kÞðqþ 1Þh2kðzkÞgqkðzkÞ
PMk
m¼2
Bmkm
mþ q
q
 
hmþ1k ðzkÞgqkðzkÞ
8>>>><>>>>:
ðA2Þ
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XMk
m¼1
mBmkg
mþ1
k ðzkÞ½1þ ðmþ 2Þg2kðzkÞ
(
B1k½1þ 2g2kðzkÞ 
XMk
m¼2
mBmkh
mþ1
k ðzkÞ
) ðA3Þ
3. q = 1!kk;1 ¼ 0 ðA4Þ
4. qP 2 88!kk;q ¼ 1Rk 
PMk
m¼1
Bmkmg
mþ1
k ðzkÞhq4k ðzkÞ
mþ q
q
 

h4kðzkÞ
þ 1mþ1g2kðzkÞh2kðzkÞ
½ðmþ qþ 2Þðmþ qþ 1Þh2kðzkÞ þ qðq 1Þ
þ qmþ1g3kðzkÞhkðzkÞ
½ðmþ qþ 1Þðmþ qþ 2Þh2kðzkÞ þ ðq 1Þðmþ 3Þ
þgkðzkÞhkðzkÞq h2kðzkÞ þ ðq1Þð2mqþ4ÞðmþqÞðmþq1Þ
h i
g2kðzkÞqðq 1Þ h2kðzkÞ þ ðq2Þðmþ2ÞðmþqÞðmþq1Þ
h i
>>>>>>>><>>>>>>>>:
ðq 1ÞBð1qÞk  ðB1k þ B1kÞg2kðzkÞhq3k ðzkÞ 
ðqþ 1Þh3kðzkÞ þ ðq 1ÞhkðzkÞ
þgkðzkÞ½ðqþ 1Þqh2kðzkÞ þ 2ðq 1Þ
(
PMk
m¼2
Bmkmg
mþ1
k ðzkÞ
mþ q
q
 
hq3k ðzkÞ 
h3kðzkÞ þ qðq1ÞðmþqÞðmþq1ÞhkðzkÞ
þqgkðzkÞ h2kðzkÞ þ ðmþ1Þðq1ÞðmþqÞðmþq1Þ
h i
8<:
>>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
ðA5Þ(b) For j5 k
1.q 6 1 8!kj;q ¼ 1Rj
PMj
m¼1
Bmjm
mþ q
q
 
gmþ1j ðzkÞgqkðzjÞ
þPMj
m¼1
Bmjm
mþ q
q
 
hmþ1j ðzkÞgq1k ðzjÞ
 h2j ðzkÞgkðzjÞ ðmþqþ1Þðmþqþ2Þmþ1 þ gkðzjÞ
n
þhjðzkÞ RkRj ½qþ g1k ðzjÞgkðzjÞðmþ qþ 1Þ
o
PMj
m¼2
Bmjm
mþ q
q
 
hmþ1j ðzkÞgqkðzjÞ
ðB1j þ B1jÞðqþ 1Þh2j ðzkÞgqkðzjÞ
>>>>>>>>>>><>>>>>>>>>>:
ðA6Þ2.q = 0 (
!kj;0 ¼ 2RjRe ðB

1j þ B1jÞh2j ðzkÞ 
XMj
m¼2
Bmjmh
mþ1
j ðzkÞ
þ
XMj
m¼1
Bmjm

gmþ1j ðzkÞ þ gmþ1j ðzkÞ

1þ ðmþ 2Þg2j ðzkÞ þ ðmþ 1Þ
Rk
Rj
gjðzkÞh1k ðzjÞ
)
ðA7Þ
3.q = 11478 A.V. Pyatigorets et al. / International Journal of Solids and Structures 45 (2008) 1458–1482!kj;1 ¼ 0 ðA8Þ4.qP 2!kj;q ¼ 1Rj 
PMj
m¼1
Bmjm
mþ q
q
 
gmþ1j ðzkÞhq4k ðzjÞ 
h4kðzjÞ þ ðmþqþ2Þðmþqþ1Þmþ1 g2j ðzkÞh4kðzjÞ
þ qðq1Þmþ1 g2j ðzkÞh2kðzjÞ þ RkRj gjðzkÞhkðzjÞ

ðmþ qþ 1Þh3kðzjÞh1k ðzjÞ  qh2kðzjÞ
þ qðq1Þmþq h1k ðzjÞhkðzjÞ  qðq1Þðq2ÞðmþqÞðmþq1Þ
"
þ RkRj
qðq1Þ
mþ1 g
3
j ðzkÞhkðzjÞ

ðmþqþ2Þðmþqþ1Þ
q1 h
2
kðzjÞ  ðq 2Þ
þðmþ qþ 1ÞhkðzjÞh1k ðzkÞ
"
þ2 RkRj qgjðzkÞhkðzjÞ
 h2kðzjÞ þ q1mþq hkðzjÞh1k ðzkÞ  ðq1Þðq2ÞðmþqÞðmþq1Þ
h i
þ RkRj
 2
qðq 1Þg2j ðzkÞ

mþqþ1
q1 h
3
kðzjÞh1k ðzjÞ þ h2kðzjÞ h1k ðzjÞh1k ðzkÞ  1
 
 q2mþq hkðzjÞ h1k ðzkÞ þ h1k ðzjÞ
 þ ðq2Þðq3Þðmþq1ÞðmþqÞ
"
8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
þPMj
m¼1
Bmjm
mþ q
q
 
hmþ1j ðzkÞhq2k ðzjÞ 
qðq1Þ
mþ1 h
2
j ðzkÞ  h2kðzjÞ
þhjðzkÞ RkRj qhkðzjÞ þ
qðq1Þ
mþq g
1
k ðzjÞ
h i8<:
ðB1j þ B1jÞ 
ðq 1Þh2j ðzkÞhq2k ðzjÞ þ g2j ðzkÞhq2k ðzjÞ½ðqþ 1Þh2kðzjÞ þ ðq 1Þ
þ RkRj g3j ðzkÞh
q3
k ðzjÞ½ðqþ 1Þqh2kðzjÞ þ qðq 1ÞhkðzjÞh1k ðzkÞ  ðq 2Þðq 1Þ
(
PMj
m¼2
Bmjm
mþ q 2
q 2
 
hmþ1j ðzkÞhq2k ðzjÞ
þPMj
m¼2
Bmjmg
mþ1
j ðzkÞ
mþ q
q
 
hq3k ðzjÞ 
h3kðzjÞ  qðq1Þðmþq1ÞðmþqÞ hkðzjÞ
þ RkRj qgjðzkÞ 
h2kðzjÞ  q1mþq hkðzjÞh1k ðzkÞ
þ ðq1Þðq2Þðmþq1ÞðmþqÞ
"
8><>:
8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
ðA9ÞAppendix B
The coeﬃcients Nkj,q involved in expression (24) are:
1. q 6 1
Nkj;q ¼ ðqþ 1Þh2j ðzkÞgqkðzjÞ: ðB1Þ2. q = 0Nkj;0 ¼ 2Reh2j ðzkÞ: ðB2Þ
3. q = 1Nkj;1 ¼ 0 ðB3Þ
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no this term for j¼k
þðqþ 1Þg2j ðzkÞhqkðzjÞ þ ðq 1Þg2j ðzkÞhq2k ðzjÞ
þ 2Rk
Rj
qþ 1
q 1
 
g3j ðzkÞhq1k ðzjÞ þ 2
Rk
Rj
q
q 2
 
g3j ðzkÞh1k ðzkÞhq2k ðzjÞ
2Rk
Rj
q 1
q 3
 
g3j ðzkÞhq3k ðzjÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
no this term for q¼2
ðB4ÞAppendix C
Let us denote F  ¼ F ðsÞ ¼ F xðsÞ þ iF yðsÞ.
(a) For a point force at the point a:
1. q 6 1Xk;q ¼ F

2pRk
gqþ1k ðaÞ ðC1Þ2. q = 0Xk;0 ¼ 1
2pRk
 2Re½F   gkðaÞ ðC2Þ3. q = 1Xk;1 ¼ 0 ðC3Þ4. qP 2Xk;q ¼ 1
2pRk
F ð1 qÞhqkðaÞ hkðaÞ  g1k ðaÞ
 þ F hq1k ðaÞ  ðC4Þ(b) For a force uniformly distributed over a segment (a,b) at the boundary:
1. q 6 1Xk;q ¼  F

2pq
gqkðbÞ  gqkðaÞ½  ðC5Þ2. q = 0Xk;0 ¼ 1
2p
 2Re F  ln b zk
a zk
 
ðC6Þ3. q = 1Xk;1 ¼ 0 ðC7Þ
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2p
ðF  þ F Þln b zk
a zk|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
this term for q¼2only
þF  1 1
q
 
½gqkðbÞ  gqkðaÞ
8>><>>: þF
h1k ðzkÞ½gq1k ðbÞ  gq1k ðaÞ
 F
 þ ðq 1ÞF 
q 2 ½g
q2
k ðbÞ  gq2k ðaÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
no this term for q¼2
9>>=>>; ðC8Þ(c) For a force uniformly distributed over the whole boundary:
1. q = 0Xk;0 ¼ ImðF Þ ðC9Þ
2. q = 2Xk;2 ¼ iReðF Þ ðC10Þ
Xk,q = 0 for all other q.Appendix D
The functions involved in Eq. (31) are:H1ðzÞ ¼ z er1
4
;
HpðzÞ ¼
XN
j¼1
epjRjhjðzÞ;
HlðzÞ ¼
XN
j¼1
½BðlÞ1j þ BðlÞ1j hjðzÞ þ
XMj
m¼2
BðlÞmjh
m
j ðzÞ þ
XMj
m¼1
½BðlÞmjgmj ðzÞ þ BðlÞmjmhmþ1j ðzÞðhjðzÞ þ g1j ðzÞÞ
( )
;
ðD1Þ
HF(z) = uF(z), where one should use eF instead of F*(s) in Eqs. (16)–(18).Q1ðzÞ ¼ z
er1
2
;
QpðzÞ ¼ 
XN
j¼1
epj½RjgjðzÞ  zh2j ðzÞ;
QlðzÞ ¼
XN
j¼1
ðBðlÞ1j þ BðlÞ1j Þ gjðzÞ þ
z
Rj
h2j ðzÞ
 
þ
XMj
m¼2
BðlÞmj
z
Rj
mhmþ1j ðzÞ  BðlÞmjgmj ðzÞ
 (
þ
XMj
m¼1
BðlÞmjmg
mþ1
j ðzÞ gjðzÞ þ
zj
Rj
 
BðlÞmj hjðzÞ þ
z
Rj
mhmþ1j ðzÞ ðmþ 2Þh2j ðzÞ  ðmþ 1Þ
hjðzÞ
gjðzÞ
þ 1
 ! !#)
ðD2ÞQF(z) = wF(z), where one should use eF instead of F*(s) in Eqs. (16)–(18).
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1. The inverse Laplace transform of functions SnðsÞ, n = 1, . . ., 12 (see Eq. (33)) for f 1ðsÞ ¼ 1s ; f p ðsÞ ¼
1
s ; f

F ðsÞ ¼ 1s can be found analytically. The ﬁnal expressions can be quite lengthy and the use of symbolic
calculations (e.g. in MapleTM or Mathematica) is recommended. For the demonstration purposes we pres-
ent few expressions below.   h iS1ðtÞ ¼  1
6
2E31E2 exp  ,1,2 tg þ 3,2 ,1E1 exp 
E2t
g  ,3ðE1 þ E2Þ
,1,2E1E2
;
S2ðtÞ ¼ 1
6
4,1,2E21 exp  ,4,5 tg
 
þ ,5 3,2,3ðE1 þ E2Þ  2,4E21 exp  ,1,2 tg
 h i
,1,2,4,5
;
..
.
S11ðtÞ ¼
,1,5  E21K exp  ,4,5 tg
 
2,4,5
;
S12ðtÞ ¼ 1;
ðE1Þwhere,1 ¼ E2
3
þ K
 
E1 þ KE2; ,2 ¼ E1
3
þ K;
,3 ¼ 7E2
3
þ K
 
E1 þ KE2; ,4 ¼ 4E2
3
þ K
 
E1 þ KE2;
,5 ¼ 4E1
3
þ K:
ðE2Þ2. Consider the case when the force applied at the boundary of the half-plane depends on time as:fF ðtÞ ¼ F ðtÞeF ¼ a0 þ b0  sinðxtÞ; ðE3Þ
where eF is the complex amplitude of force variation, a0 and b0 are real constants. For the case considered in
example 3 eF ¼ 5p1; a0 = 1, b0 = 0.9. The Laplace transform of the normalized force fF(t) is:f F ðsÞ ¼
a0
s
þ b0x
s2 þ x2 : ðE4ÞThe functions S4(t), S8(t), S12(t) can be found by using the analytic inverse Laplace transform of Eqs. (33) and
(E4).
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